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ABSTRACT

The three-dimensional response of a shear flow to elevated heating is investigated using linear theory. The
basic wind profile is allowed to reverse directions at a certain height. Effects of shear, evaporative cooling, and
the stratosphere are investigated. Morphology and spatial scales of the V-shaped features found in this study
are consistent with observations and nonlinear numerical modeling results, but are explained by energy prop-
agation associated with the thermally forced gravity wave. The response of a unidirectional shear flow to latent
heating at the level of the wind reversal is an axisymmetric pattern of upward vertical motion, which is in direct
response to the heating. Away from the level of the wind reversal, V-shaped patterns of upward motion are
produced with vertices pointing upwind. The updraft core in the vertical plane in the direction of the storm
movement is almost erect for a relatively weak shear flow. In accord with two-dimensional solutions, the critical
level plays an important role in producing upward motion at this location since the vertical velocity is directly
proportional to the specified heating at the critical level.

For a relatively strong shear flow, the updraft core tilts further downstream. With tilted heating, there exists
a CISK-like coincidence of updraft with heating. The sloping updraft upstream of the cloud base also strengthens,
which may help maintain the existing convection. Based on a group velocity argument, the V-shaped features
are explained as a gravity wave phenomenon. The formation of the repeating, damped oscillations of the
disturbance at high levels is caused by the nonhydrostatic effect, which has a downstream wavelength approx-
imately proportional to Ri™'/2. In particular, the skewed “V” pattern may be explained by the effects of advection
by the multidirectional shear flow. With evaporative cooling, the upward displacement in a reference frame
moving with the storm near the heating center at the cloud base strengthens, which tends to help maintain the
supercell convection. On the other hand, the downward displacement downstream of the heating produced by
the evaporative cooling tends to suppress the growth of new convection downstream of the supercell. With
realistically strong stratospheric stability included in the model, the response of the flow in the stratosphere is
that the vertical velocity and displacement are weakened. This would reduce the temperature difference across
the cold/warm thermal couplet that is a salient stratospheric feature,
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1. Introduction

The V-shaped regions of relatively low equivalent
blackbody temperature associated with long lasting
midlatitude convective storm tops are often observed
by infrared geostationary satellites (e.g., Negri 1982;
Fujita 1982; McCann 1983; Heymsfield et al. 1983a,b;
Adler et al. 1985). The V opens in the direction of
anvil expansion, with an embedded warm region
downwind. The V-shaped cold feature and cold-warm
couplets have been shown (McCann 1983; Adler et al.
1985) to be correlated with the occurrence of severe
weather. Thus the study of the V-shaped cloud tops
may be important for improving severe weather fore-
casting.
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Several mechanisms have been proposed to explain
the formation of V-shaped cloud tops: (a) an over-
shooting storm top acting to block the wind and di-
verting the flow around it (Fujita 1978); (b) relatively
high concentrations of ice particles along the edges of
the anvil in a V-shaped region produced by strong di-
vergent outflows (Heymsfield et al. 1983b); (c) cold
V-shaped regions produced by negatively buoyant
cloud air splitting into two branches (Schlesinger
1984); (d) cold and warm V-shaped regions formed
by internal gravity waves generated by the storm
(Heymsfield et al. 1983a; Lin 1986). In studying the
formation mechanism of the V-shaped cloud tops, Lin
(1986; hereafter 1.86) developed a simple theoretical
model to investigate the linear response of a three-di-
mensional stably stratified flow to diabatic heating. It
was found that a V-shaped region of upward displace-
ment is formed by the action of the basic wind on the
upward propagating waves above the heating layer. For
thunderstorm-generated V-shaped cloud tops, the cold
(warm) area is explained by adiabatic cooling (warm-
ing) associated with the upward (downward ) displace-
ment. '
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The work of L86 is one of several recent studies of
the linear response of stratified airflow to diabatic heat-
ing or cooling. In an investigation of moist convection
associated with orographic rain, Smith and Lin (1982)
found that the phase relationship between the pre-
scribed latent heating and the induced vertical dis-
placement in two-dimensional steady flow may be ei-
ther positive or negative depending upon the location
of the heating and the structure of the basic flow. The
mechanism is explained more clearly by solving a time-
dependent problem (Lin and Smith 1986). In studying
deep moist convection associated with a squall line,

‘Raymond (1983, 1986) indicated that the wave-CISK

mechanism can be understood as a coincidence be-
tween heating and low-level upward motion. This only
occurs for certain values of the heating-induced Froude
number F = U/ Nd, as defined in Thorpe et al. (1980)
and Lin and Smith (1986), where U is the basic flow
speed, d the depth of the heating and N the Brunt-
Viisild frequency.

Diabatic heating or cooling in a shear flow with wind
reversal is often observed in mesoscale circulations. For
example, the formation of squall lines in the vicinity
of a dry line over the southern Great Plains (Sun and
Ogura 1979) and the development of mesoscale cir-
culations along the Carolina coast during the winter
season (Bosart 1981) are often associated with differ-
ential boundary layer heating caused by variations in
surface temperature which develops in a basic shear
flow with a critical level. Thermal forcing in the vicinity
of the critical level is also associated with moist con-
vection in a midlatitude squall line in a moving frame
(Ogura and Liou 1980) and with deep convection
embedded in orographic rain over the western Ghats
in India (Smith and Lin 1983). It is well recognized
that strong vertical wind shear exists in the environ-

ment in the vicinity of a moving storm (e.g., Newton -

and Newton 1959; Newton 1966; Fujita and Grandoso
1968). Thus, it is important to understand the three-
dimensional response of such environments to latent
heating. :

The two-dimensional response of a stably stratified
shear flow with wind reversal to either isolated heating
or differential heating has been studied by Lin (1987;
1.87 hereafter). In response to isolated heating with the
top of the heating below the wind reversal height, the
low-level vertical velocity near the center of the heating
may be positive or negative depending upon the Rich-
ardson number associated with the basic flow and the
heating depth. This phenomenon can be explained by
the effects of advection and shear on forced gravity
waves. In response to thermal forcing in the vicinity
of the critical level, the vertical velocity is positive near
the center of the heating for a wide range of Richardson
numbers. The colocation of the vertical motion and
the heating at the heating base are important in sup-
porting existing convection.

Even though many storms are multicellular and
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characterized by rapid development and decay of cells,
the more severe storms often appear to maintain rather
steady state configurations for several hours. It has been
shown (Lin and Martin 1971) that the steady state ap-
proach is useful in understanding the dynamics of
storms which are dominated by a single large, intense
supercell storm. Even though the internal flow inside
a supercell is highly nonlinear, a great amount of in-
formation on the environmental fluid response to the
latent heating and evaporative cooling can be gained
from a linear theory. This approach may help in un-
derstanding the effects of a supercell on the growth of
new convective towers.

The purpose of this study is to investigate the three-
dimensional response of stratified shear flow to elevated
heating with application to the dynamics of V-shaped
cloud tops and the effects of a mature supercell on its
environment. Effects of shear, evaporative cooling, and
the stratosphere will be discussed. Section 2 describes
‘the governing equations with thermal forcing. Also the
numerical technique for solving the equations will be
described. The response of the shear flow to thermal
forcing will be presented in section 3. Concluding re-
marks are made in section 4.

2. Governing equations

The linearized governing equations for a steady state
perturbation in an incompressible, stratified Boussinesq
airflow with diabatic heating can be written as

Uu,+ Vu, + wU, + (1/po)px T vu=0 (1)

Uv, + Vo, + wV, + (1/po)py, + 0 =0 (2)

Uwy + Vwy, + (1/po)p: + 8(p/po) + vw =0 (3)

- e+, +w, =0 (4)

Upx + Vo, — w(poN?/g) + vp = (—po/c,T)g  (5)

where

‘basic state velocity in the x-direction
basic state velocity in the y-direction
basic state density

basic state temperature

Brunt-Viisild frequency

perturbation velocity in the x-direction
perturbation velocity in the y-direction
vertical velocity

perturbation pressure

perturbation density

specific heat capacity at constant pressure
coefficient of Rayleigh friction and Newtonian
cooling

g diabatic heating rate per unit mass

WIT SR N QT

I
A

These linearized equations, although admittedly best
suited for small-amplitude perturbations, are being
employed, nevertheless, as a mathematically tractable
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first approximation to the basic physics of supecell
storms as manifestations of gravity waves. Both Ray-
leigh friction and Newtonian cooling have been in-
cluded in the system to avoid net heating of the steady

state flow (Smith and Lin 1982) and to remove the

singularity at the critical level. The problem of net
heating has been extended by Bretherton (1987) to in-
clude three-dimensionality and mass source. The
Brunt-Viisild frequency is assumed to be constant
with height for all cases except the one with stratosphere
included. The basic flow is assumed to be uniform in
the horizontal and sheared in the vertical. The above
equations can be reduced to a single equation for the
vertical velocity

(Ud/dx + Va[dy + v)>Viw — (Ud/dx
+ Vo/dy + v)(U_dw/dx + V,.0w/dy)
| + NViPw = (g/c,T)Viq (6)
where
v? = §/3x* + &°/9y* + & /0z*
V= &/ox* + 8°/9y*.

After making the double Fourier transform in x

(—k)and y (— /), Eq. (6) becomes
b+ [_(kUzz + lez)

KU+ IV -1y
N? 1.
+((kU+lV—-iv)2 I)K ]w

_ gK’ .
o T(kU + 1V — i !

where K = (k? + I?)!/2 js the horizontal wave number
and the double Fourier transform is defined as

(k,1,z) (7)

wk, ) = # J:w ﬁi w(x, y)e'* M dxdy.

In this study, the diabatic heating is specified as
Qol(r/b)* + 11732,

0, elsewhere

21 <Z< 2y

a(x,y,z)= {

where ris (x2 + y?)!/2, b is the half-width of the heat
source, and z; and z; are the base and top of the heat
source, respectively. The above formula is designed to
represent the long-lasting elevated thermal forcing as-
sociated with the latent heat released by a thunder-
storm. As discussed in Smith and Lin (1982), the most
straightforward way to treat the forcing term of Eq.
(6) is to assume that in each layer of the atmosphere
the heating rate g is proportional to the vertical velocity

w, i.e., ¢ ~ w, This would give a modified value of

- the coefficient of W in Eq. (7) and makes Eq. (6) ho-
mogeneous. However, in this way the heat can only
modify, but not generate, internal gravity waves. The
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cloud base (z;) and cloud top (z;) are assumed to be
below and above the heating base (z;) and heating top
(z2), respectively. The structure of the heating and the
basic wind is sketched in Fig. 1. A similar heating
structure is also adopted by Bannon (1986). The Fou-
rier transform of Eq. (8) is Qo(b?/27) e ?Xin the heat-
ing layer and zero elsewhere.

It is possible to solve Eqs. (7) and (8) analytically
in Fourier space for a unidirectional flow, but the pro-
cedure would be very tedious for multidirectional flow.
For consistency, a straightforward numerical scheme
has been adopted to solve the problem. In the Fourier
space, Eq. (7) is a special case of the general form of
the Taylor-Goldstein equation

$zz + P(2)§ = r(2) )
with the boundary conditions
Nzo)=$ at z=2
{zr)=§r at z=zr (10)

where subscripts 0 and T represent the lower and upper
boundaries, respectively. Applying a centered-differ-
ence scheme to the above equation yields

(=25 + )+ Wi = b = G
(§i-1 = 28 + §isa) + BPpiSi = hPri,
i=2,+++,n-1
($n-1 = 260) + BPpuSu = Wora— & (11)

where £ is the interval for numerical integration. In
the computation, 4 and the horizontal grid mesh are

s

Sponge Layer
Z. Z

2.+
2;
Zc -
Z,
2,
|
2=0
- no
u(z) q(2)

F1G. 1. Basic flow in the x-direction and the heating structure used
in this study. The symbols z,, z,, 23, 2, z, represent the wind reversal
level, heating base, heating top, cloud base, and cloud top, respectively.

~
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FIG. 2. Vertical velocity fields resulting from a flow with N = 0.01 s™, Up=Sms™, z,=2km, Qo =4 J kg~' s, b=5km, z, = 1.5
km, z; = 12 km and » = 1 X 10~ 57! in the layer below the sponge layer. The Richardson number associated with the basic flow is 16. The
vertical velocities are shown at five levels: (a) 1 km (2;), (b) 1.5 km (z,), (¢) 2 km (z,), (d) 5 km, and (e) 14 km (z,). The vertical cross
section of vertical velocity along y = 0 is shown in (f). The vertical displacement is shown at two levels : (g) 1 km (z,) and (h) 14 km. The
concentrated heating region is stippled in (b). Units for the vertical velocity and the vertical displacement are in meters per second and
meters, respectively. Units for the vertical displacement are meters. . :

chosen to be 250 and 1500 m, respectively. The above vector[{, ..., {,] as long as the boundary conditions
linear system can be solved by applying the Gaussian are known. The upper radiation condition is simulated
elimination scheme to the banded matrix of the column by an artificial sponge layer (Klemp and Lilly 1978)
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(f) W (CROSS SECTION)
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FIG. 2. (Continued)

in which the coefficient of Rayleigh friction and New-
- tonian cooling is gradually increased by a factor of 5
in the sponge layer according to a sine square function.
Thatis, v = vs[1 + 4 sin®{(#/2)(z — z5)/(zr— zs) } ],
where zg is the base of the sponge layer. The coefficient
of Rayleigh friction (vs) is kept as a constant in the

physical domain. Since the sponge layer is added to -

the model, the top boundary values have little influence
upon the solution. Thus, we freely specify {+ = 0 at
the top boundary. The viscosity introduced by this
Rayleigh friction and Newtonian cooling term can help
to remove the singularity at the wind reversal level
(Hazel 1967). The lower boundary condition for a rigid
surface requires ¢, = 0. A fast Fourier transform al-
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gorithm (FFT, fora summary see Smith 1980) is then
employed to transform the solution back to physical
space numerically.

3. Results

Observations of large sheared cumulonimbus suggest
that the environmental wind relative to the storm
movement often reverses its direction at some height
(e.g., Newton 1966; Marwitz 1972; Nelson and Barnes
1974; Henderson 1974) . In order to understand the
effects of latent heating associated with the cumulo-
nimbus on the environmental flow, it is important to
study the three-dimensional response of shear flow to
diabatic heating. _

For simplicity, we consider cases with linear-sheared
flow in one plane as expressed by

U(z) = =Up + (Uo/2:)z, Up,2.>0 (12)
where — U, is the surface wind velocity, positive to the
right. Notice that the basic wind blows to the left in
the lower layer and reverses its direction in the upper
layer at height z.. If the buoyancy frequency (N) is
constant with height, then the Richardson number (Ri)
associated with the basic flow is (Nz./ Ug)®. The diabatic
heating associated with latent heat release is specified
" to be uniformly distributed in the vertical and bell
shaped in the horizontal direction as expressed by
Eq. (8).

Figure 2 shows the vertical velocity fields of a case
inwhich N=0.01s", Up=5ms™, zz.=2km, Q
=4Jkg's,b=5km,z =15km, z, = 12 km,
and » = 1 X 107* 57!, A rather small heating rate is
used in order to avoid the violation of the small-am-
plitude assumption. The cloud base and top can be
assumed to be z, = 1 km and z, = 14 km, respectively.
Even though these values are not involved in the cal-
culation, it should be noted that the cloud base and
top are not located at the same height as the heating
base and top, respectively. The Richardson number
associated with the basic flow is 16. The grid resolution
is 64 by 64 by 101. The horizontal domain is 94.5 km
by 94.5 km. The computational horizontal domain is
chosen to be large enough so that the effect of periodic
conditions assumed by the FFT algorithm can be min-
imized. The grid interval is 1.5 km in both x and y
direction, which gives the maximum wavenumber («/
Ax or w/Ay) of 2.1 X 1073 m™' in the computation
of FFT. The minimum wavenumber is 6.65 X 10~>
m~' (27/L, L is the computational domain) for both
k and /. The horizontal domain shown in the figure is
46.5 km by 46.5 km. The vertical extent of the physical
layer is 15 km. The sponge layer extends from.15 km
to 25 km, in which the coefficient of the Rayleigh fric-
tion increases square sinusoidally from 1 X 10™* to 5
X 107% s~! as described earlier. The vertical domain
shown in the figure is 15.5 km.
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At the cloud base (z;), the basic wind blows from
right to left at a speed of 2.5 m s™', Upward motion is
located upstream of the heating center with downward
motion downstream of the heating. The region of up-
ward motion forms V-shaped patterns with the vertex
pointing upstream. The V-shaped patterns of upward
velocity in the low levels have been found in numerical
simulations (e.g., Klemp and Wilhelmson 1978a;
Schlesinger 1980). This V-shaped pattern is formed by
the action of the basic wind on downward propagating
waves as discussed in L86. The slight upstream shift
of the maximum updraft (compare Fig. 2a and 2b;
also see Fig. 2f) in the lower atmosphere and the down-
draft downstream are formed by the downward prop-
agation of the thermally forced gravity waves. At the
heating base z, (Fig. 2b), the region of concentrated
heating (stippled ) is dominated by an upward motion.
The colocation of the upward motion and the heating
at the heating base is important in supporting the ex-

. isting convection.

- Moving further aloft to the wind reversal level, z,
= 2 km, the response of the air to the diabatic heating
is an axisymmetric region of upward motion (Fig. 2¢).
Similar to the two-dimensional case, the vertical ve-
locity at the critical level is directly proportional to the
heating according to the thermodynamic equation
since the basic wind vanishes at the wind reversal level
as shown in L87. Thus, the region of upward motion
reproduces the bell-shaped pattern of the heat source.
The positive response of the air near the critical level
to latent heating plays an important role in producing
upward motion near the cloud base (z;). Notice that
the mean wind profile of Eq. (12) agrees better with
squall lines and multicell storms than right or left
moving supercells, which would maintain a constant
storm-relative V-component V' (z) = £V, to the wind.
In this case, there exists no critical level. The gravity
wave pattern produced by this type of supercells is bet-
ter presented in Lin (1986) and Raymond (1986). The
positive response of vertical motion at the cloud base
depends upon the heating-induced Froude number F
= U/Nd, where d = z, — z;, which corresponds to the
wave-CISK modes (Raymond 1986). At higher levels,
such as at 5 and 14 km (Figs. 2d and 2¢), the V-shaped
regions of upward motion are pronounced. These re-
gions are formed by the action of the mean wind,
blowing to the right, on the upward propagating gravity
waves. The V-shaped regions of upward motion above
the wind reversal level have been simulated by nonlin-
ear numerical models (e.g., Fig. 13 of Klemp and Wil-
helmson 1978a). This result is also similar to the non-
sheared case as studied in L86. Regions of downward
motion form just downstream of the V-shaped area of
upward motion are shown at both the 5 and 14 km
levels. The vertical motion'is weaker at 14 km than at
lower levels because of the divergence above the heating
region and the viscosity. A region of downward motion
and a second region of upward motion with compa-
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rable strength is located downwind of the primary re-
gion of upward motion. The formation of the repeating,
damped oscillations of the disturbance is mainly caused
by the nonhydrostatic effect which will be discussed
later. Notice that the thunderstorm cloud tops are
drawn at constant heights in this paper, while they are
not level surfaces in the real atmosphere.

The vertical cross section of vertical velocity along
y = 0 is shown in Fig. 2f. In the concentrated heating
region, the vertical velocity is positive in the heating
layer, with a maximum of 2.1 m s~! at about 8 km.
The vertical velocity is an order of magnitude weaker
than observed in supercells. This is due to a relatively
weak heating rate used in the simulation. However, it
is evident from Eq. (7) and its homogeneous boundary
conditions in (10) that a w-field that satisfied the system
can be enlarged by a given factor by multiplying the
heating function through by that factor. That is, only
the intensity of the model storm would increase while
its morphology would be invariant. The modeled storm
morphology, e.g., V-shaped features and a nearly erect
updraft, is much closer to observed characteristics than
is the intensity. The vertical tilt of the updraft core
depends on the vertical shear of the environmental
wind. For a relatively weak shear case such as the pres-
ent one, the updraft core is almost erect. A similar
situation has been found by the three-dimensional
storm simulation of Schlesinger (1984). The upstream
phase tilt (to the left) above the heating top (12 km)
indicates that the wave energy propagates upward.
Downstream downdrafts can be found in both the
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lower and upper levels. Repeating weaker upward and
downward regions downstream of the major region of
upward motion are due to the nonhydrostatic effects.
Below the cloud base (1 km), the updraft region shifted
upstream followed by a downdraft region which is just
located beneath the cloud. This sloping updraft can be
explained by the upstream tilting of the gravity wave
propagating downward (see Fig. 4). A sloping updraft
near the cloud base has been observed in a supercell
storm ( Browning and Foote 1976). The present study
indicates that the sloping updraft near the cloud base
associated with a supercell is formed by the thermally -
forced gravity wave in a sheared environmental flow.
Figure 2g displays the vertical displacement, which
is defined asn = [ wdt., at the cloud base (1 km). The
vertical displacement is calculated by the linear form
7 = w/ikU in the Fourier space, in which n = 0 is
assumed far upstream. The response of the fluid to the
elevated heating is a weak downward displacement up-
stream of the prescribed heating area followed by an
upward displacement downstream with a maximum
of 432 m. The upward displacement at the cloud base
will help to maintain the supercell convection. Down-
stream of the upward displacement is a region of
downward displacement with a magnitude of 74 m
which is stronger than the downward displacement up-
stream. Figure 2h shows the vertical displacement at
the cloud top (z = 14 km). Over the heating region,
there exists a region of upward displacement with
maximum value of 130 m followed by a region of
downward displacement with maximum of 73 m. This

(b) W (CROSS SECTION)
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FIG. 3. The vertical cross section of vertical velocity along y = 0 for (a) downstream and (b) upstream tilted heating.
Dashed lines indicate the center of the heat source.
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F]G.. 4, As in Fig. 2 except for Up = 10 m s™'. The Richardson number associated with the basic flow is 4.

upward displacement may be more pronounced be-
cause the vertical shear of the environmental wind is
weaker in the stratosphere. In relation to the V-shaped
cause the forced gravity waves were not able to prop- cold regions on cloud tops generated by thunderstorms
agate upstream in a shear flow as far as in non-sheared (e.g., Adler et al. 1981; Fujita 1982; Heymsfield et al.
flow. In the real atmosphere, the upstream tilt of the 1983a; Mcann 1983), the cold (warm) area can be

result is similar to the non-sheared case of L86. How-
. ever, there exists no significant upstream shift of the
updraft displacement as revealed in L86. This is be-
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FIG. 4. (Continued)

explained by adiabatic cooling (warming) associated
with upward (downward) displacement as proposed
in L86.

As pointed out earlier, the tilted updraft forms as a
gravity wave response to the heating. The question
arises as to how the flow responds if the heat source
were titled. To investigate this, we run the model for

both downstream and upstream tilted heat sources.
Figure 3 shows the vertical cross sections of the vertical
velocity for tilted heating cases. Results indicate that
the response of the flow is roughly in phase with heat-
ing, i.e., there exists a CISK-like coincidence of updraft
with heating in a linear theory. This revitalizes some
of the arguments for CISK being important in severe
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storms (e.g., Raymond 1983, 1984). Lines of maxi-
mum updraft in both cases are displaced slightly
downstream from the center lines of the tilted heating.
This appears to be caused by the advection effect.

Figure 4 shows a case similar to that shown in Fig.
2 except that the basic wind speed at the surface (Up)
is 10 m s~'. The Richardson number associated with
this basic flow is 4. In. comparison with the previous
case (Fig. 2), both updraft and downdraft are stronger
at z = 1 km (Fig. 4a), while the updraft (downdraft)
is weaker (stronger) at z = 1.5 km (Fig. 4b). The effect
of advection is stronger since the local basic wind is
larger than that in the previous case. This advection
effect can also be seen from Fig. 4b in which the V-
shaped pattern of the vertical velocity is more pro-
nounced. At the wind reversal level (Fig. 4c), the ver-
tical velocity field is identical to the previous case be-
cause the vertical velocity is directly proportional to
the heating rate, which is identical in both cases. At §
km (Fig. 4d), the vertical velocity field has a more
pronounced V-shaped pattern since the basic wind (15
m s~ is stronger at this level than that used to generate
Fig. 2. Moving further aloft to 14 km, there exists a
couplet of upward and downward regions with about
equal strength. This is different from the previous case
because the nonhydrostatic effect is weaker in the pres-
ent case.

Figure 4f shows the cross section of vertical velocity
along y = 0. Compared with the previous case (Fig.

2f), one finds that the downshear tilt of the updraft -

core in the heating layer is more pronounced due to a
stronger advection for a small Richardson number flow.
The upstream tilt of the maximum vertical velocity
above the heating top (12 km) is offset by the advection
effect (Figs. 4f and 2f). Below the cloud base, the region
of downdraft is advected further downstream compared
with the previous case. The upward motion upstream
of the heating region near the cloud base strengthens
in the present case (Figs. 4a and 2a). Figure 4g shows
the field of vertical displacement at the cloud base
strengthens in the present case (1 km). There exist re-
gions of downward displacement both upstream and
downstream of the region of upward displacement. The
upward displacement is larger compared with the pre-
vious case because the upward motion is stronger. The
vertical displacement at the cloud top (14 km) is dis-
played in Fig. 4h. The V-shaped pattern is more pro-
nounced with a narrower north-south extent and the
magnitude of upward displacement is smaller com-
pared with the previous case (Fig. 2h) due to a stronger
advection effect.

The formation of this V-shaped pattern of distur-
bance can be explained by a group velocity argument
similar to Smith (1979, 1980). A group velocity cal-
culation of Smith can be extended to include the non-
hydrostatic effect (see Appendix ) which gives the con-
centrated region of energy,
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Nz [1 — (kU/N)?13?

2 . [1¥2
y ( U){[k2+12]l/2[1 +k4q2/N212]}x' (13)
The above equation reduces to Eq. (31) of Smith (1980)
in the hydrostatic limit, i.e. k? < (N/ U)? for a uniform

- basic flow. For a certain height, the wave energy is

concentrated near the parabola described by Eq. (13).
However, the latus rectum becomes smaller compared
to the hydrostatic case. The parabola becomes wider
for higher altitudes, stronger stratification, and weaker
mean wind,

The propagation of wave energy induced by a sta-
tionary heat source in an unbounded, steady shear flow
is sketched in Fig. 5. At upper levels, the energy prop-
agates upward and upstream relative to the air (c,,),
but is advected downstream by the basic flow. Thus,
the wave energy is found to be along the direction of
Cgns OT Cgy relative to the heat source. The formation
of the repeating, damped oscillations of the disturbance
such as found in Fig. 2e is mainly caused by the non-
hydrostatic effect. This nonhydrostatic wave only oc-
curs for Boussinesq, constant shear flow when the
dominant squared wave number (K? in the present
case) is less than, but not much less than the Scorer
parameter, i.e., N2/ U?(z). This also can be explained .
by the group velocity argument, For simplicity, we will
consider a corresponding two-dimensional case for
which Eq. (A9) (see Appendix) reduces to

E B H (1 —_ k2U2/N2)l/2
X U k ’

Similar to the mountain wave problem (Smith 1979),
the wave energy propagates along the straight line given
by (14), emanating from the origin where the heat
source is located. Now it becomes clear that in order

to have the wave energy propagated downstream (x
> 0) and upward (z > 0), it requires that k? < [N/

(14)

- U(2)]* To determine the control parameter of the

downstream wavelength of the heating-induced gravity
wave, we assume that the wavelength at a certain height
z* above the critical level (denoted as C.L. in Fig. 5)
is L. Thus x*, k* and U(z) are equal to L, 2=/ L and
U, z, respectively. Substituting z*, x*, and k* into Eq.
(14) and solving for L, we obtain

2wz .
L= Z{——ilﬁ [1£(1+Ri/a*)! )2 (15)
Thus, the downstream wavelength is approximately
proportional to Ri~'/? for a stable flow with a relatively
strong shear (Ri < 7°). A rough estimate from Figs.
2f and 4f gives L = 16 km and 34 km for Ri = 16 and
4, respectively. This result is consistent with the above
conclusion. Notice that Eq. (15) is derived from a two-

* dimensional flow.

As found in L87, the thermally forced disturbance
in the vicinity of the critical level of a constant shear
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flow is mainly a superposition of the gravity waves gen-
erated by the heating from below and above the critical
level separately. This implies that the upward (down-
ward) propagation of wave energy depicted in Fig. 5
is mainly from the upper (lower) half of the heating,
i.e. above (below) the critical level (denoted by C.L.
in the figure).

As mentioned in the Introduction, strong three-di-
mensional shear of the ambient wind in the lower layer
of midlatitude severe .convective storms is often ob-
served. Observations of upper-level structure of severe
storm tops have revealed pronounced asymmetric pat-
terns (e.g., see Fig. 8 of Heymsfield et al. 1983a). Three-
dimensional numerical modeling studies have also
found that multidirectional shear in the lower layer
plays an essential role in producing the asymmetry of
right- and left- moving storms (Klemp and Wilhelmson
1978b; Schlesinger 1978). It is not the purpose of this
study to reproduce the results of those authors. How-
ever, it is important to understand the relationship of
diabatic heating and forced gravity waves in multidi-
rectional shear flow. For simplicity, the x-component
basic wind is kept the same as in the previous cases,

U(z)

C. L
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i.e., Eq. (12), but an additional y-component wind is
added,

V(z) = Vo(e /5 — e™%/5) Vo> 0, a> 1. (16)

The parameter a adjusts the magnitude of the V wind
and gives stronger wind speeds for larger values. Thus,
if a frame of reference moving with the storm is
adopted, the hodograph of the wind has strong low-
level veering similar to that used by Klemp and Wil-
helmson (1978b) and Schlesinger (1978). Figure 6
shows the vertical velocity and displacement fields at
1 and 14 km for a case with Uy = V5 = 10 m s7, z,
= 2 km, and a = 5. The hodograph is depicted in Fig.
6e. At the cloud base at 1 km (Fig. 6a), the basic wind
is from the southeast. The regions of upward and
downward motions are located on the upwind and
downwind sides, respectively. The extrema of the ver-
tical velocity are lined up along the direction of the
basic environmental wind. As discussed earlier, the V-
shaped pattern of the disturbance is formed by the ad-
vection of the basic wind on the downward propagation

C
Ipa

— QD

S
LS

—>

Coa

FIG. 5. The propagation of wave energy associated with steady waves forced by a

prescribed heating in an unbounded, nonhydrostatic shear flow. Symbols ¢, ¢4, € oh+ s

and ¢ - represent the phase velocity with respect to the air, group velocity with respect

- to the air, upward group velocity with respect to the heating, and downward group
velocity with respect to the heating, respectively.
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FIG. 6. As in Fig. 4 except with the y-component basic wind as defined in Eq. (16) with Vo = 10 m s™!, and @ = 5. Fields plotted are (a)
wat 1 km (2), (b) nat 1 km (z), (c) wat 14 km (z,), (d) n at 14 km (), and (e) hodograph of the basic wind. The hodograph indicates
the wind directions and speeds at 1) 0 km, 2) 1 km, 3) 1.5 km, 4) 2 km, and 5) 5 km. The speed scale is given in meters per second on the
horizontal axis inside the hodograph circle.

of the gravity wave generated by the thermal forcing asymmetric pattern which is caused by weak advection
aloft. The mechanism of energy propagation has been  of gravity waves by the north-south component of the
sketched in Fig. 5. The vertical velocity field shows an  basic wind. This asymmetry is also shown in the field
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FIG. 6. (Continued)

of vertical displacement (Fig. 6b). In the vicinity of
the heating region, the flow is dominated by an upward
displacement with a maximum value of 630 m. The
downward displacements on the upstream (southeast)
and downstream (northwest) sides are relatively small
compared with the upward displacement. Even though
the north-south wind is relatively weak at the cloud
top level (14 km), asymmetric patterns are still pro-
nounced in the fields of vertical velocity and displace-
ment (Fig. 6c and d). Thus the forced gravity waves
in a multidirectional shear helps to explain the asym-
metric pattern of observed V-shaped cloud tops (e.g.,
see Fig. 8 of Heymsfield et al. 1983a).

For a quasi-steady supercell storm, one may regard
the evaporative cooling in the subcloud layer produced
by the precipitation falling from the updraft aloft as a
stationary heat sink. For simplicity, we prescribe this
cooling in a way similar to that of Thorpe et al. (1980)
and Lin and Smith (1986). The heat sink is assumed
to be below the cloud base (1 km) exactly beneath the
heat source. It has the same structures in the vertical
(uniform) and in the horizontal (bell shaped) as the
heat source. The cooling rate is assumed to be —1 J
kg~! s™! which is one-quarter of the heating rate. Figure
7 shows the fields of vertical velocity and vertical dis-
placement for a case similar to Fig. 2 but with cooling.
The response of the flow to the combined heating and
cooling at 1 km is a region of downward motion near
the diabatic source/sink, accompanied by regions of
upward motion upstream and downstream. The basic
pattern of the vertical velocity field is similar to the
case without cooling (Fig. 2a). However, the downward
motion has a maximum value of 0.8 m s~! which is

about 2.8 times larger compared with the case with no -
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cooling. This makes a major difference in the fields of
vertical displacement (Figs. 7b and 2g). The vertical
displacement has extrema of 1069 and —662 m in the
present case, compared with 432 and —74 m of the
case of Fig. 2. The larger upward displacement near
the heating region tends to help in maintaining the
supercell convection. The strengthened downward dis-
placement with the evaporative cooling tends to sup-
press the growth of new convection downstream of the
supercell storm. The location and scale of the heat sink
depends on the tilt of the updraft and downdraft, so a
more realistic heat source/sink such as that in Fig. 3
or given by Raymond (1986) is preferable. However,
the basic dynamics for a supercell with a tilted interface
between updraft and downdraft can be understood
through the present study.

In the real atmosphere, the static stability has a sud-
den jump at the tropopause. Since most severe storm
tops penetrate the tropopause and extend to a level of
14-16 km, it is important to include the effects of the
stratosphere in the model. Figure 8 shows a case similar
to that of Fig. 2 but with the vertical variation of the
stability included. The Brunt-Viisild frequency in-
creases from 0.01 s~! in the troposphere-to 0.02 s " in
the stratosphere. The tropopause is assumed to be lo-
cated at 12 km, which is roughly the tropopause height
observed in Heymsfield et al. (1983a). The Brunt-
Viisilad frequency increases according to a sine square
function from12 to 13 km. At the cloud top.level (14
km, Fig. 8), the transmitted gravity wave has a weaker
amplitude compared with the case without stratosphere
(Fig. 2e). The wavelength is roughly equal for both
cases. This result is similar to the effects of the strato-
sphere on mountain waves (e.g., Sawyer 1960; Berk-
shire and Warren 1970; Berkshire 1975). The ampli-
tude of the waves in the stratosphere is reduced since
part of the forced gravity waves is reflected back to the
troposphere (Eliassen and Palm 1960). The distur-
bance upstream of the storm is the reentrant wake of
the storm due to periodic boundary conditions of the
FFT. The vertical displacement from the highest point
to the lowest point at cloud top level (Fig. 8b) is about
90 m. According to the calculations of L86, this would
produce a temperature difference of about 1.1°C higher
than the ambient air. This is a rather small temperature
difference compared with observations. However, the
temperature difference may increase if one uses a more
realistic heating profile and wind profile which has a
weaker shear in the stratosphere.

4. Summary and concluding remarks

The three-dimensional response of a shear flow to
elevated heating is investigated using a linear theory.
Solutions are obtained numerically in Fouriér space
and then transformed back to the physical domain us-
ing a fast Fourier transform algorithm. The basic wind
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FIG. 7. As in Fig. 2 except with evaporative cooling. The heat sink is located below z, exactly beneath the heat source, which is assumed
to have the same vertical (uniform) and horizontal ( bell-shaped) structure. The cooling rate is —1 J kg™ s™*. Fields of vertical velocity and
vertical displacement at 1 km are plotted in (a) and (b), respectively.
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FIG. 8. As in Fig. 2 except with the stratosphere included. The tropopause is assumed to be located at 12 km.
Fields of vertical velocity and vertical displacement at 14 km are plotted in (a) and (b), respectively.






